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ABSTRACT
The merger rate of stellar mass black holes binaries (sBHBs) inferred by the Advanced Laser Inter-
ferometer Gravitational-Wave Observatory (LIGO) suggests the need for an efficient source of sBHB
formation. Active galactic nucleus (AGN) disks are a promising location for the formation of these
sBHBs, as well as binaries of other compact objects, because of powerful torques exerted by the gas
disk. These gas torques cause orbiting compact objects to migrate towards regions in the disk where
inward and outward torques cancel, known as migration traps. We simulate the migration of stellar
mass black holes (sBHs) in an analytically modeled AGN disk using an augmented N-body code that
includes migration torques, a stochastic gravitational force exerted by turbulent density fluctuations
in the disk, and inclination and eccentricity dampening produced by passages through the gas disk,
in addition to the standard gravitational forces between objects. We find that sBHBs form rapidly in
the disk as sBHs migrate towards the migration trap. These sBHBs are likely to subsequently merge
on short time-scales. The process continues, leading to the build up of a population of over-massive
sBHs. sBHBs that form in AGN disks could contribute significantly to the sBHB merger rate inferred
by LIGO.
Keywords: black hole physics — accretion disks — galaxies:nuclei
1. INTRODUCTION
The Advanced Laser Interferometer Gravitational-
Wave Observatory (LIGO) has detected the merger of
stellar mass black holes (sBHs) more massive than those
previously inferred from electromagnetic observations
in our own Galaxy. The high end of the black hole
(BH) merger rate inferred from LIGO detections, 12–
212 Gpc−3 yr−1 (Abbott et al. 2016), challenges exist-
ing models. A high rate of BH mergers, if confirmed,
implies that additional mechanisms might be needed to
Corresponding author: Amy Secunda
asecunda@princeton.edu
form more massive BHs and allow them to merge in the
Local Universe at a greater rate than previously antici-
pated.
It has been suggested that over-massive stellar mass
black holes are most likely to form in galactic nuclear
star clusters (Hopman & Alexander 2006; O’Leary et al.
2009; Antonini & Rasio 2016; Rodriguez et al. 2016).
The gas disks in active galactic nuclei (AGN) are partic-
ularly promising locations for the formation and merger
of over-massive sBHs. As McKernan et al. (2014, 2017)
point out, these gas disks will act to decrease the incli-
nation of intersecting orbiters and harden existing bina-
ries, already making them interesting possible locations
for LIGO detections of merging sBHs. The recent dis-
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covery of a possible BH cusp in the core of our own
Galaxy (Bahcall & Wolf 1976; Hailey et al. 2018) lends
further weight to this possibility.
Orbiters in a gas disk exchange angular momentum
with the surrounding gas, leading to a change in semi-
major axis known as migration. Migration of objects
embedded within the disk provides opportunities for
sBHs to form binaries if they encounter each other at
small relative velocities; in particular at far smaller rel-
ative velocities than in gas-free star clusters (McKernan
et al. 2012, 2017; Leigh et al. 2018). If a gas disk is
locally isothermal, the gas torques cause all isolated or-
biters to migrate inward (Goldreich & Tremaine 1979;
Ward 1997; Tanaka et al. 2002). However in the more
realistic case of a disk with an adiabatic midplane, for
some values of the radial density and temperature gra-
dients the torque from the disk can also lead to outward
migration (Paardekooper & Mellema 2006).
Paardekooper et al. (2010) used analytic arguments
and numerical simulations to model the sign and
strength of migration, and found that there are re-
gions of gas disks where outward and inward torques
cancel out; leading to a region of zero net torque where
migration halts. Lyra et al. (2010) showed that such
regions of zero net torque, or migration traps, are pre-
dicted by standard models of protoplanetary disks, and
Horn et al. (2012) showed that the migration of proto-
planets towards these migration traps can lead to the
rapid collisional build-up of giant planet cores.
McKernan et al. (2012) drew on that work to develop
a model describing a BH merger hierarchy in the AGN
disk. McKernan et al. (2014) explored the consequences
of this model and predicted that LIGO should detect
gravitational waves from a previously unconsidered pop-
ulation of merging overweight stellar mass black holes in
AGN disks. Bellovary et al. (2016)) explored this anal-
ogy applying the Paardekooper et al. (2010) migration
torque model to two steady-state analytic supermassive
black hole (SMBH) accretion disk models derived by
Sirko & Goodman (2003) and Thompson et al. (2005).
Bellovary et al. (2016) showed that migration traps do
exist in both AGN disk models.
Here we build on Bellovary et al. (2016), by using
a modified version of the N-body code described by
Sa´ndor et al. (2011) and Horn et al. (2012) that im-
plements several manifestations of the gravity of the
gas disk around the SMBH in addition to the standard
gravitational forces between particles. The additional
effects include migration torques, a stochastic gravita-
tional force exerted by turbulent density fluctuations
in the disk, and inclination and eccentricity dampening
produced by passages through the gas disk on inclined
orbits. We take our disk parameters from the analytic
AGN disk model of Sirko & Goodman (2003).
Embedded sBHs will migrate towards the migration
traps modeled in Bellovary et al. (2016), and due to this
migration, sBHs on prograde orbits will encounter each
other at low relative velocities. These encounters pro-
vide favorable conditions for fast sBHB formation and
evolution, resulting in frequent mergers detectable by
LIGO. Future constraints from LIGO on this merger
channel (e.g. from spins or rates) will allow us to con-
strain AGN disk physics better than present spectro-
scopic modeling efforts (see McKernan et al. (2017) for
a discussion of which parameters can be best constrained
by LIGO).
2. METHODS
In this section we describe in detail our modified N-
body simulations. Our simulations neglect forces ex-
erted by sBHs on the gas disk aside from those implicitly
modeled by the migration torques, the effects of accre-
tion onto either the central SMBH or orbiting sBHs, and
general relativistic effects. We also only consider sBHs
on prograde orbits and ignore sBHs on retrograde orbits
around the central object. We defer detailed modeling of
retrograde objects until the torques on them have been
derived in work in progress.
2.1. Disk Models
The Sirko & Goodman (2003) model is a modification
of the classic Keplerian viscous disk model (Shakura
& Sunyaev 1973), with a constant high accretion rate
fixed at Eddington ratio 0.5. The disk is assumed to be
marginally stable to gravitational fragmentation; how-
ever the model does not directly take into account mag-
netic fields or general relativistic effects. The Sirko &
Goodman (2003) model assumes some additional un-
specified heating mechanism in the outer disk in order
to maintain the stability of the disk and prevent frag-
mentation.
Sirko & Goodman (2003) use the opacity models from
Iglesias & Rogers (1996) and Alexander & Ferguson
(1994) for the high and low temperature regimes, re-
spectively. The inner disk is optically thick due to a
high rate of Thompson scattering from electrons pro-
duced by the ionization of hydrogen. The intermediate
region of the disk has a lower electron density, and is
therefore less optically thick and cooler.
We use an SMBH mass of M? = 10
8 M. The to-
tal mass of the disk integrated out to 2× 105 AU is
3.7× 107 M. The midplane temperature, surface den-
sity, scale height, optical depth, and Toomre Q as a
function of radius in this model are plotted in Figure 2.
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Figure 1. SMBH accretion disk model used in our simu-
lations (Sirko & Goodman 2003). From top to bottom are
plotted the midplane temperature T , surface density Σ (in
g cm−2), disk aspect ratio h (H/r), optical depth τ , and
Toomre Q as a function of Schwarzschild radius Rs. The top
axis represents the translation from Schwarzschild radius to
parsecs for a 108 M SMBH.
2.2. Torque Model
We model the disk torque on the sBHs using the ana-
lytical prescription of Paardekooper et al. (2010) which
incorporates the effects of non-isothermal co-rotation
torques. For the azimuthally isothermal case the nor-
malized torque is
Γiso/Γ0 = −0.85− α− 0.9β, (1)
while for the purely adiabatic case the normalized torque
is
γΓad/Γ0 = −0.85− α− 1.7β + 7.9ξ/γ. (2)
The adiabatic index γ = 5/3, and the variables α, β
and ξ represent the negative local gradients of density,
temperature and entropy, respectively, and are defined
as
α = −∂ ln Σ
∂ ln r
; β = −∂ lnT
∂ ln r
; ξ = β − (γ − 1)α. (3)
The torques are normalized by
Γ0 = (q/h)
2Σr4Ω2, (4)
where q is the mass ratio of the migrator to the SMBH,
h is the aspect ratio of the disk and Ω is the rotational
velocity.
The effective torque is interpolated between the
isothermal and adiabatic torque models using
Γ =
ΓadΘ
2 + Γiso
(Θ + 1)2
, (5)
where Θ is the ratio of the radiative timescale to the
dynamical timescale. Lyra et al. (2010) show that Θ
depends on the local disk properties as
Θ =
cvΣΩτeff
12piσT 3
, (6)
where cv is the thermodynamic constant at constant vol-
ume, σ is the Stefan-Boltzmann constant, and the ef-
fective optical depth taken at the midplane is (Hubeny
1990; Kley & Crida 2008)
τeff =
3τ
8
+
√
3
4
+
1
4τ
. (7)
The true optical depth τ is given by
τ =
κΣ
2
(8)
where κ is the opacity used in the Sirko & Goodman
(2003) models (see Section 2.1).
Each component of the torque depends on the lo-
cal disk gradients of density, temperature and entropy.
These torques are implemented into our N-body code as
forces on the particles with vector dependence
Fmig =
Γ
r
θˆ (9)
2.3. Turbulence
AGN disks are sufficiently ionized (certainly in the
inner regions) that the magnetorotational instability
(MRI) will drive turbulence. We use a model for turbu-
lence developed by Laughlin & Bodenheimer (1994) and
further modified by Ogihara et al. (2007) that gives the
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gravitational forces exerted by turbulent density fluctu-
ations as
Fturb = −C∇Φ, (10)
where C is a scaling factor relating the fraction of the
force exerted on the gas by the potential Φ to the force
that is exerted by the gas on a migrator embedded in
the disk. This fraction is given as
C =
64Σr2
pi2M?
. (11)
The turbulent potential, Φ, is taken to be the sum of
n = 200 independent, scaled oscillation modes
Φc,m = ψr
2Ω2Λc,m, (12)
where ψ is a dimensionless measure of the strength of
the turbulent force in comparison to the migration forces
(see Section 2.2). It is related to the Shakura & Sunyaev
(1973) viscosity parameter α by Baruteau & Lin (2010)
as
ψ ' 8.5× 10−2Hα1/2 (13)
where h is the aspect ratio of the disk and comes from
the mode lifetime being set by the speed of sound. In
our model h is not constant, but to fix the scaling in
Equation (13) we set h = 0.05. MHD simulations of
accretion disks suggest typical values for α of 10−3–0.1
(Davis et al. 2010). A value of α = 0.01 gives us ψ =
4.25× 10−4.
In Equation (12), Λc,m is one oscillation mode defined
as
Λc,m = ξe
−(r−rc)2/σ2 cos(mθ − φc − Ωct˜) sin
(
pi
t˜
∆t
)
.
(14)
Each oscillation mode is defined by m, an azimuthal
wavenumber chosen from a log normal distribution be-
tween 1 and 64, and c denotes the initial center of the
perturbation. The position c is given in cylindrical co-
ordinates rc and φc selected from uniform distributions
from the inner boundary to the outer boundary of the
disk and from 0 to 2pi, respectively. The z coordinate is
assumed to be small enough to have a negligible effect.
Ωc is the Keplerian angular velocity at rc.
The mode evolves as a function of t˜ = t0 + t, where
t0 is the time when the mode comes into existence. The
lifetime of the perturbation is
∆t =
2pirc
mcs
, (15)
which represents the sound-crossing time for each mode.
The radial scale of the perturbation is chosen from a
Gaussian distribution and scales as σ = pirc/4m.
At the beginning of the simulation there are n = 200
modes. When one mode expires another mode is cre-
ated so that there are always 200 modes. Ogihara et al.
(2007) showed that all modes m > 6 can be left out of
the summation to determine the total potential Φ. We
use this simplification in our model and only include Φ
perturbations where m < 7. Equation (10) is used in our
model to calculate the turbulent force on a given migra-
tor at position (r, θ) as a function of the local speed of
sound, Keplerian angular velocity, surface density of the
gas, and time.
We note that when the net vertical magnetic flux of
the disk is not sufficiently large, spiral acoustic waves
or even radiation stresses dominate angular momentum
transport and accretion power instead of MRI turbu-
lence (Jiang et al. 2017). While the perturbations gen-
erated through these mechanisms will not be identical to
those produced by MRI turbulence, as modeled above,
we anticipate they will have qualitatively the same affect
on our simulations (see Section 4).
2.4. Eccentricity and Inclination Dampening
Tanaka & Ward (2004) have shown that the gas disk
exerts a force on migrators that acts to dampen their
orbital eccentricity, e, and inclination, i, leading to
the co-planar circularization of orbiters. They give the
timescale
tdamp =
M2?h
4
mΣa2Ω
, (16)
where m is the mass of the migrator and a is the semi-
major axis of the migrator. We follow the timescales
given in Cresswell & Nelson (2008) for eccentricity and
inclination, respectively:
te =
tdamp
0.780
(1− 0.142 + 0.063 + 0.18l2) (17)
ti =
tdamp
0.544
(1− 0.30l2 + 0.24l3 + 0.14l2) (18)
where  = e/h and l = i/h.
The resulting forces acting on these timescales as a
function of position and velocity of an orbiting body are
F damp,r = −2(v · r)r
r2te
mrˆ (19)
F damp,z = −vz
ti
mzˆ, (20)
where rˆ and zˆ are unit vectors in the r and z directions,
respectively.
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2.5. N-Body Code
We use the Bulirsch-Stoer N-body code described by
Sa´ndor et al. (2011) that was modified by Horn et al.
(2012) to include the additional forces outlined above in
Sections 2.2, 2.3, and 2.4. The total force acting on each
sBH in our simulation is
F total = F nbody + Fmig + F damp + F turb. (21)
The forces acting from the gas disk, Fmig, F damp and
F turb, are calculated at the beginning of each Bulirsch-
Stoer timestep and not recalculated during the modified
midpoint method used to calculate F nbody. However,
the Bulirsch-Stoer timestep is a small fraction of the
dynamical timescales of the sBHs and is reduced during
close encounters. Therefore holding these forces from
the gas disk constant throughout each Bulirsch-Stoer
timestep does not have a significant effect on the simu-
lations.
Our simulations consider two sBHs to have formed a
new sBHB once two conditions have been met. First,
they must approach each other within a mutual Hill ra-
dius,
RmH =
(
mi +mj
3M?
)1/3(
ri + rj
2
)
, (22)
where mi and mj represent the masses of the two sBHs
and ri and rj represent their distances from the SMBH.
Second, the relative kinetic energy of the binary,
Krel =
1
2
µv2rel, (23)
where µ is the reduced mass of the binary, and vrel is
the relative velocity between the two sBHs, must be less
than the binding energy,
U =
Gmimj
2RmH
. (24)
Due to the complex and poorly understood interac-
tions between sBHBs and the gas disk within the Hill
sphere, for simplicity once a gravitationally bound sBHB
forms, our model assumes that it is merged. Indeed
it is likely given the conditions of our simulations that
all sBHBs will merge within approximately 10–500 yr
(Baruteau & Lin 2010), which is a short timescale com-
pared to any dynamical timescales. We discuss the
merging of sBHBs in our simulations further in Section
5.
3. INITIAL STELLAR MASS BH POPULATIONS
In this section we describe the two models for the ini-
tial sBH populations used in our simulations, which are
outlined in Table 1. We choose the number of sBHs
in each model based on the lower limit of about 103
sBHs within 0.1 pc of a SMBH estimated by Antonini
(2014) based on the distribution of S-Star orbits around
Sgr A?. This estimate is consistent with the popula-
tion of O(104) sBHs within 1 pc of Sgr A∗ inferred by
Hailey et al. (2018). Assuming sBHs are uniformly dis-
tributed throughout the disk, we estimate that around
1% of sBHs in an AGN disk will be within the inner 1000
AU (≈0.005 pc). Both of our models therefore include
ten sBHs within roughly 1000 AU.
The gravitational wave decay lifetime of a sBH a few
hundred AU from a SMBH in a gas-free nucleus is (Pe-
ters 1964),
T (a0, e0) ≈ 768
425
(1− e20)7/2a40
4β
, (25)
where β is,
β =
64
5
G3m1m2(m1 +m2)
c5
. (26)
Using m1 = 10
8 M, m2 = 30 M, e0 = 0.05, and a0
= 650 AU as fiducial values that are used in our runs (see
below), gives a decay time of approximately 3.72× 1011
yr, which is several orders of magnitude longer than the
run time of our simulations. Therefore we do not expect
gravitational radiation from the SMBH to play a large
role.
Table 1. Models. Column 1: Name of run; Column 2: initial
masses (or range of masses) of bodies in M; Column 3: the
total combined mass of all bodies in the run in M; Column
4: the time it takes for all bodies to reach the migration trap
or resonant orbits in megayears; Column 5: the time for a
sBHB of over 50 M to form in megayears; Column 6: the
mass in M of the most massive sBH at the end of the run.
Run MsBH mtot Tmig Tform mmax
(1) (2) (3) (4) (5) (6)
F1 10 100 0.14 0.129 70
F2 20 200 0.025 0.008 100
F3 30 300 0.014 0.002 240
LMA 5–15 74 0.7 N/A 46
LMB 5–15 100 2.8 1.5 65
HMA 5–30 97 0.45 0.24 60
HMB 5–30 95 0.8 0.56 59
Our three fiducial models (labeled F1–F3 in Table
1) contain 10 sBHs of uniform masses. This uniform
mass distribution is different for each fiducial model, and
ranges from 10 M in F1 to 30 M in F3. The inner-
most sBH has an initial semi-major axis of 500 AU. The
semi-major axis of each successive sBH is separated by
30 RmH from the one before it (see Equation 22). These
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initial positions are chosen to create a distribution of
sBHs around the migration trap found at roughly 667
AU by Bellovary et al. (2016).
In our second set of models the masses of the sBHs
vary in a more physically realistic manner. We draw
them from the initial mass function for massive stars
given by Kroupa (2002), by drawing from a Pareto power
law probability distribution of sBHs with a probability
density
p(x) =
ama0
xa+1
, (27)
where a = 1.35, m0 is a scale factor of 5 M, and x is a
mass that is drawn from the distribution.
In our two lower mass runs, denoted LMA and LMB, a
randomly generated mass is rejected if it is greater than
15 M, so the masses of the sBHs range from 5–15 M.
In our two higher mass runs, denoted HMA and HMB,
the mass is allowed to range from 5–30 M. Despite be-
ing denoted higher and lower mass runs, the total mass
of the higher mass runs does not always exceed that of
the lower mass runs because of random variation. This
is the case for LMB, for example, which has the high-
est total mass of 100 M. The initial semimajor axes
for the sBHs in these models are chosen randomly from
a uniform distribution ranging from 300–1000 AU. We
do not use an initial-final mass relation for the sBHs
(i.e. Fryer et al. 2012) which would require us to make
assumptions of the metallicity and supernova explosion
model of our simulations. However, our distribution of
initial masses for our sBHs remains similar to what they
would be if such a relation had been used.
For all models, the initial eccentricities and inclina-
tions of the sBHs are selected randomly from a Gaussian
distribution. The mean value for the initial eccentricity
is 0.05, with a standard deviation of 0.02. Selections are
made until the value is positive. The mean value for
the inclination is 0 with a standard deviation of 0.05◦,
and the absolute value of the randomly selected value is
used. The initial mean anomaly and pericenter values
are chosen randomly from a uniform distribution rang-
ing from 0 to 2pi.
For the variable mass models the distance between
sBHs is calculated based on the randomly generated po-
sitional coordinates. If any two sBHs are within 10 AU
of each other, a new distribution is generated until no
two sBHs are within 10 AU of each other.
These models were run for 10 Myr which is within the
range of estimated lifetimes for an AGN disk (Haehnelt
& Rees 1993; King & Nixon 2015; Schawinski et al.
2015). However, the final orbits of all sBHs in all seven
models are established in less than 3 Myr, and these or-
bits remain stable for the remainder of the run. Over
longer periods of time we would expect more sBHs to mi-
grate inwards towards the SMBH from the outer disk.
These sBHs may perturb the stable resonant orbiters or
sBHs in the migration trap. We defer investigation of
this evolution to future work.
4. RESULTS
4.1. Fiducial Model
Figure 2 shows the migration history for runs F1, F2,
and F3 in the top, middle, and bottom panels, respec-
tively (see Table 1). In the top two panels of Figure 2
the figures on the left show the migration history from
the start of the run to shortly after the final merger.
The orbits of the remaining sBHs stay the same until
the end of the 10 Myr run. The figures on the right in
the top two panels are zoomed in views of mergers for
runs F1 and F2.
The bottom left panel of Figure 2 shows the main pe-
riod of mergers for the F3 run. The orbits of the four
remaining sBHs remain the same for over 5 Myr. How-
ever, a turbulent mode (see Section 2.3) opens up near
the remaining orbiters at around 5.3 Myr causing the 60
M sBH to form a sBHB with the 180 M sBH. This
merger is shown in the bottom right panel of Figure 2.
The turbulent mode continues to cause the semimajor
axes of the orbits of the sBHs’ in the migration trap
to oscillate. The oscillations are more distinctive in the
semimajor axis of the 30 M sBH, because it is signifi-
cantly less massive than the 240 M sBH.
In these fiducial runs it is clear that more massive
bodies migrate faster towards the migration trap, as ex-
pected since the migration torque is proportional to the
square of the mass of the orbiter and so the acceleration
is linearly proportional to mass. Thus, more massive
sBHs reach the migration trap more rapidly. For exam-
ple, the sBHs in model F3 all reach the migration trap
or nearby resonant orbits in roughly 14 kyr, whereas it
takes the sBHs in model F1 around 140 kyr. In all cases
the last sBHs to reach the migration trap region are the
innermost sBHs. These innermost sBHs have the slowest
migration rates because within 1000 AU of the SMBH
the aspect ratio of the disk increases with proximity to
the SMBH (see Figure 2). The higher aspect ratio of
the inner disk also means that the innermost sBHs will
remain on eccentric orbits longer than sBHs since the
damping force, Fdamp,r is inversely proportional to h
4
(see Equations 16 - 19).
Figure 3 shows the growth of sBHs through merg-
ers over time. Massive bodies approaching or reaching
the migration trap encounter each other at high rates.
Since binaries form at greater rates as sBHs migrate to-
wards the migration trap, the faster migration rate of
sBH Migration in AGN Disks 7
Figure 2. The migration of ten sBHs for all three fiducial runs. The initial masses of the sBHs are 10 M (top), 20 M
(middle), and 30 M (bottom). Each colored line represents one sBH and is labeled by its final mass in M. Each vertical
dashed black line represents a time at which a bound binary forms. The figures on the left show the main period during which
binary formation occurs. In the top two panels the sBHs remain on the same orbits that they are on at the end of the figures
for the remainder of the simulations. In the bottom panel turbulence knocks a sBH out of resonance after roughly 5 Myr (see
bottom right panel). The figures on the right show zoomed in views of various episodes of binary formation. The 100 M and
40 M sBHs in the center left panel and the 240 M and 30 M in the bottom right panel end up on the trojan orbits discussed
in Section 4.2
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Figure 3. The masses of the sBHs over time for runs F1,
F2, and F3 are shown in the top, middle, and bottom figures,
respectively. Each colored line represents a sBH. The dashed
black line represents the total mass of all sBHs in the model.
the more massive bodies leads to faster sBHB formation
in the more massive fiducial models. For example, F2
and F3 both have four sBHBs form within the first 10
kyr, whereas it takes nearly 50 kyr for a sBHB to form
in F1.
Figure 4 shows the eccentricity of all ten sBHs over
the first 200 kyr for the F1 run. While the initial ec-
centricities of the sBHs’ orbits are dampened by the gas
within the first 10 kyr, these eccentricities can actually
delay sBHB formation at earlier times in our simula-
tions. sBHs that are on eccentric orbits may pass within
a Hill radius of each other, but because their orbits have
different pericenter phases their relative velocities are
great enough that the relative kinetic energy of the two
sBHs remains greater than their binding energy (see Sec-
tion 2.5).
Oscillations in the eccentricity of the orbits of the
sBHs that occur later in the run are due to interactions
between sBHs. As the sBHs migrate into closer prox-
imity with each other they will be pulled towards each
other. This feature can be seen in Figure 2 as little spikes
in the semimajor axes of the orbiters. These spikes can
be periodic if they occur when two orbiters with simi-
lar semimajor axes are in phase with each other. The
change in semimajor axis drives the eccentricity of the
sBHs. The gas disk will dampen these eccentricities,
leading to a decrease in eccentricity until another close
pass occurs. These interactions are what cause the os-
cillations in Figure 4. The eccentricity of the sBH or-
bits rarely increases to more than 10−2. This feature is
common in our simulations and is discussed further in
Section 4.2.
When sBHs pass within just a couple of Hill radii of
each other, whether on not their relative kinetic energy
is low enough to form a sBHB, the effective semima-
jor axis of their orbits around the SMBH often spike
dramatically as their orbits are strongly perturbed from
Keplerian orbits, as can be seen in Figure 2. However,
this should be interpreted as a dramatic change in ve-
locity rather than position.
In our runs the most massive sBH consistently ends up
closest to the migration trap. However, in some cases,
such as in the F2 run, no sBH ends up precisely in the
migration trap. Instead the most massive sBH ended up
roughly 2.5 AU away from the migration trap. At these
small distances, the migration torque is very minimal,
and the dynamics due to the high density of sBHs in the
region play a larger role in determining the orbits’ posi-
tions. Less massive sBHs end up either on Trojan or res-
onant orbits that exchange angular momentum with the
other sBHs. These final configurations tend to be stable
on megayear time scales. However, MRI turbulence can
lead to sBHB formation even after these stable orbits
are established if it knocks a sBH out of resonance, as
happened in the F3 run. Encounters with other objects
either being ground down into the disk, or migrating in-
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Figure 4. The eccentricities over the first 200 kyr of all ten sBHs in the F1 run. Initial eccentricities are quickly dampened by
the gas in less than 10 kyr, however interactions between the sBHs in close proximity drives the eccentricity of the sBHs’ orbits
as they are pulled towards each other. This eccentricity is then dampened, until another close passage occurs.
ward from further out in the disk might also disturb the
steady configurations over longer time scales.
4.2. Varying Masses
Figures 5–8 show the migration histories for runs
LMA, LMB, HMA, and HMB, respectively (see Table 1).
The top panel of all four figures shows the migration his-
tories of the simulation up until all sBHs have reached
stable orbits. In each simulation the sBHs remain at
these final radii for the remainder of the 10 Myr run.
The bottom two panels of these figures show examples
of sBH interactions.
As the more massive sBHs migrate through the disk
they overtake less massive sBHs and frequently form
sBHBs. The time that elapses before the first binary
capture of the simulation varies among the four runs
from a few hundred years to roughly 20 kyr due to the
randomly generated initial positions and eccentricities.
Even if two sBHs have similar initial positions at the
beginning of a simulation, if the orbits of the sBHs are
too eccentric the relative kinetic energy of the two sBHs
that approach each other within 1 RmH may be higher
than their binding energy preventing them from forming
a sBHB (see Section 4.1).
Figure 9 shows the build up in mass of the sBHs due
to mergers for runs LMA (top left), LMB (top right),
HMA (bottom left), and HMB (bottom right). In our
simulation two sBHs are considered merged as soon as
they form a sBHB (i.e. approach each other within 1
RmH; see Section 2.5). 6-8 mergers occur in each run.
The most massive sBH at the end of each run ranges
from 45-65 M, which represents 60-65% of the total
mass of the run.
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Figure 5. The migration of ten sBHs of varying mass in
model LMA. Each colored line represents one sBH and is
labeled by its final mass in M. Each vertical dashed black
line represents a time at which a collision occurs. The top
figure shows the first 1.1 Myr which is the period during
which binary formation occurs, and all sBHs migrate towards
the migration trap to stable orbits where they remain for the
rest of the 10 Myr run. The middle figure is a zoomed in view
of the first binary capture (so early that it is barely visible
in the top panel) and the bottom figure is a zoomed in view
of a later period.
Figure 6. Migration in the LMB run, with the same no-
tation as Figure 5. The top figure shows the first 4.5 Myr
which is the period during which binary formation occurs,
and all sBHs migrate towards the migration trap to stable
orbits where they remain for the rest of the 10 Myr run. The
middle figure is a zoomed in view of the first period of binary
formation and the bottom figure is a zoomed in view of the
interaction between the three innermost sBHs, two of which
end up co-orbital.
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Figure 7. Migration in the HMA run, with the same nota-
tion as Figure 5. The top figure shows the first 600 kyr which
is roughly the period during which binary formation occurs,
and all sBHs migrate towards the migration trap to stable or-
bits where they remain for the rest of the 10 Myr run. The
middle figure shows a zoomed in view of binary formation
that breaks apart two co-orbital sBHs and the bottom panel
shows a zoomed in view of a later period of binary forma-
tion. In the top panel the 6 M sBH is the last to reach the
region of the migration trap, because it has a small initial
semimajor axis. When it reaches the trap it ends up on its
own resonant orbit, instead of merging with other sBHs.
Figure 8. Migration in the HMB run, with the same no-
tation as Figure 5. The top figure shows the first 1.1 Myr,
which is roughly the period during which binary formation
occurs, and all sBHs migrate towards the migration trap to
stable orbits where they remain for the rest of the 10 Myr
run. The bottom two figures are zoomed in views of the first
(middle panel) and last (bottom panel) periods of binary for-
mation. In the bottom panel the 5 M sBH that is the last
to reach the migration trap region merges with a 9 M sBH
that is on a resonant orbit with the other sBHs. This event
breaks the resonance of the sBHs orbiting near the migration
trap.
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Figure 9. The growth of sBHs through mergers over time for the LMA (top left), LMB (top right), HMA (bottom left), and
HMB (bottom right) runs starting at 400 yr and ending at 2 Myr after which no mergers take place. Each colored line represents
a sBH. The dashed black line represents the total mass of all sBHs in the model.
The time that elapses before all sBHs reach the mi-
gration trap also varies and depends on the random gen-
eration of positions and masses. The smaller the initial
semimajor axis of a sBH the longer it will take to mi-
grate towards the trap, especially if it has a smaller ini-
tial mass.
Dynamical effects can produce some exceptions. For
example, in the LMB run (see Figure 6), there are three
sBHs with very small initial semimajor axes ranging
from 310 AU to 320 AU. Being in such close initial prox-
imity causes the sBHs to interact with each other from
the start, but they do not immediately form a sBHB.
The least massive sBH only has a mass of 5 M and
after the three-body interaction ends up on its own at
approximately 300 AU. This low mass sBH left alone in
a region with a very low migration rate takes nearly 3
Myr to finally make it to the migration trap. The two
more massive sBHs (8 M and 14 M) end up in a sta-
ble horseshoe co-orbit as modeled by Cresswell & Nelson
(2006), who found that it was common for planets in a
protoplanetary disk to become co-orbital, occupying ei-
ther horseshoe or tadpole orbits that survived for the du-
ration of their runs. Figure 10 shows the relative phase,
semimajor axes, and ratio of the orbital period around
the SMBH for these two co-orbital sBHs. Over a period
of thousands of orbits the phase difference between the
two sBHs oscillates between 180o and 20o. When the
phase difference is at a minimum the two sBHs swap
radial positions. Occasionally the migration rate of the
more massive, 14 M, sBH is large enough compared to
the migration rate of the less massive, 8 M, sBH that
it overtakes it while the two are out of phase. However,
the two sBHs still swap radial positions when they are
closest to being in phase. As a result the 8 M sBH mi-
grates at the rate of the 14 M sBH, which means the
8 M sBH reaches the migration trap at nearly double
the rate it would alone.
In the HMA run, the cyan and purple sBHs in the
center panel of Figure 7 are also on a horseshoe co-orbit
until the orbit is destabilized by the presence of a 26
M sBH, which the cyan sBH merges with. The co-
orbital tadpole (i.e. Trojan) orbits that were observed
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Figure 10. Two sBHs from the LMB run in a stable horse-
shoe co-orbital configuration. The top panel shows the rel-
ative phase between the sBHs, the middle panel shows the
semimajor axes of the two sBHs, which are labeled by their
current masses, and the bottom panel shows the ratio of or-
bital periods around the SMBH.
by Cresswell & Nelson (2006) are seen in runs F2 and
F3 (see Figure 2).
In all cases, after several hundred kyr one sBH be-
comes massive enough to dominate the region closest to
the migration trap and lock all other less massive sBHs
in high-order resonant orbits. sBHs migrating towards
the trap at later times will either merge with the sBHs
already populating resonant orbits (Figure 8), or end up
on their own resonant orbit (Figure 7).
Figure 11 shows the semimajor axes (upper panels)
and eccentricities (lower panels) of the sBHs in or near
the migration trap for the LMA (top left), LMB (top
right), HMA (bottom left), and HMB (bottom right)
runs. As in the F2 run (see Section 4.1), in the LMA,
LMB, and HMB runs no sBH ends up exactly in the
migration trap. Instead the most massive sBH ends up
1–2.5 AU from the migration trap, where it becomes
locked in a resonant orbit with the other sBHs. The
semimajor axes of the sBHs around the SMBH spike
periodically as the sBHs on resonant orbits exchange
angular momentum with each other and the sBHs in
the migration trap get pushed back into resonance. The
sudden change in the orbit’s semimajor axis causes a
spike in eccentricity that is then dampened by the gas.
Figure 12 shows one example from the HMB run of these
interactions of two sBHs on a 27:28 resonance. When
the phase difference between the sBH in the migration
trap and the sBH on a resonant orbit is zero, the two
are pulled towards each other by their mutual gravita-
tional attraction. This temporarily drives an increase
in the eccentricity of their orbits, before it is gradually
dampened once again by the gas disk.
These orbits remain stable for 9 Myr to the end of runs
LMA, HMA, and HMB, suggesting that trapping BHs
in resonant orbits around a migration trap could prevent
more massive sBHs from building up. However in the
LMB run, as in the F3 run (see Section 4.1), a perturba-
tive force caused by disk turbulence pushes the 23 M
sBH out of resonance so that it merges with the 42 M
sBH in the migration trap. Therefore disk turbulence
could provide a mechanism to break resonances, and cre-
ate more massive sBHs. Horn et al. (2012) showed that
increasing levels of disk turbulence makes this mecha-
nism even more efficient.
The initial inclinations of the sBHs were very small,
and all sBHs were quickly ground down into flat orbits
in less than 50 yr. The initial eccentricities played a role
in our models in preventing early sBHB formation, but
were also a transient effect and were dampened by the
gas in roughly 10 kyr. Larger initial values for inclina-
tion and eccentricity would likely delay sBHB formation
because it would increase the relative kinetic energy of
two sBHs. However, these larger inclinations and eccen-
tricities will eventually be dampened by the gas disk,
and as sBHs are ground down into the disk and their
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Figure 11. Clockwise from the top left are zoomed in views of the stable resonant orbits of runs LMA, LMB, HMA, and
HMB. The top figure for each run shows the semimajor axis and the bottom figure shows the eccentricity. In each plot each
line represents one sBH and is labeled by its final mass in M.
orbits are circularized, they would start to form sBHBs
with other sBHs at later times.
5. SUMMARY AND DISCUSSION
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Figure 12. A zoomed in view of the interactions between
two sBHs from the HMB run on resonant orbits. The top plot
shows the semimajor axis of the two sBHs, the middle plot
shows the phase difference between the two sBHs, and the
bottom plot shows the eccentricity of the two sBHs. When
the phase difference reaches zero (represented by the vertical
dashed line) the two sBHs are pulled towards each other by
gravity making their orbits more eccentric. This eccentricity
is then dampened until they are pulled towards each other
again.
Figure 13. Various timescales in years are plotted as a
function of radial distance from the SMBH in AU. The blue,
yellow, and green lines represent the approximate time for
10 M, 20 M and 50 M sBHs to migrate from their cur-
rent location to the SMBH due to only migration torques.
The dashed and dotted black lines represent the merger time
for a sBHB that forms when two sBHs are within a mu-
tual Hill radius (see Equation 22) for a prograde orbiting
sBHB and a retrograde orbiting sBHB, respectively. The
merger timescales are significantly shorter than the migra-
tion timescales, suggesting that the probability of the sBHB
failing to merge due to an encounter with a tertiary body is
low.
We have simulated the migration of compact objects
in a model AGN disk (Sirko & Goodman 2003), using
the formalism developed for simulating the migration
of protoplanets in protoplanetary disks. We have found
that migration due to gas torques in AGN disks provides
an efficient mechanism to create a population of hard
compact object binaries remarkably quickly, replicating
the results of Horn et al. (2012) for protoplanets in a
protostellar disk, but for the case of sBHs in an AGN
disk.
McKernan et al. (2017) parameterized the rate of sBH-
sBH mergers in AGN disks as,
R = 12 Gpc−3 yr−1
NGN
0.006 Mpc−3
NBH
2× 104
fAGN
0.1
X
fd
0.1
fb
0.1

1
(
τAGN
10 Myr
)−1
,
(28)
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where NBH is the number of sBHs in an AGN disk,
NGN is the average number density of galactic nuclei
in the Universe, fAGN is the fraction of galactic nuclei
with AGN that last for time τAGN, fd is the fraction of
sBHs that end up in the AGN disk, fb is the fraction of
sBHs that form binaries, and  represents the fractional
change in NBH over one full AGN duty cycle. Using our
finding that within the inner 1000 AU of an AGN disk
60–80% of sBHs form sBHBs in the lifetime of our AGN
disk, we can use 0.6–0.8 as an upper limit on fb, giv-
ing an upper limit on the merger rate of 72 Gpc−3 yr−1.
This value is an upper limit because, although our model
assumes a uniform distribution of sBHs throughout the
disk, sBHs in the outer disk, further from the migration
trap, may merge less frequently. In addition, this upper
limit assumes that sBHs orbiting in the retrograde di-
rection would have similar sBHB formation rates, which
is unlikely because migration torques on retrograde or-
biters should be much weaker. We defer a more realistic
prediction of retrograde orbiter merger rates and merger
rates of sBHs in the outer disk to future work.
We highlight that although we have taken these com-
pact objects to be sBHs here, similar results can apply to
any objects embedded in the AGN disk, including neu-
tron stars, white dwarfs, or main sequence or evolved
stars, although their typically lower masses will result
in slower migration rates. Our demonstration of how
quickly binaries can form in AGN disks may help us to
understand the behavior of other objects embedded in
AGN disks. For example, Davies et al. (1998) attributed
the observed lack of red giant stars in the galactic cen-
ter to direct collisions during single-binary encounters.
We might suggest a simple alternative, albeit analogous
mechanism motivated by our results in this paper: main-
sequence turn-off stars efficiently form (or are exchanged
into) compact binaries, such that they form common en-
velope binaries (or some other variation of the myriad
of possible binary evolution pathways) when the turn-
off star evolves up the giant branch, preventing it from
evolving in to a normal red giant star. In short, a myr-
iad of binary and stellar exotica could form in AGN
disks. These additional compact objects could also con-
tribute non-negligibly to subsequent binary mergers and
interactions (Leigh et al. 2016), and even produce exotic
populations that might contribute to the total light dis-
tribution in galactic nuclei non-negligibly, once the gas
disk has dissipated and the SMBH is no longer actively
accreting at high rates.
One assumption of our model is that sBHBs merge
as soon as they form. These binaries actually harden
due to gas torques on a timescale that depends on the
distribution of gas in the Hill sphere of the binary, and
which also involves the complicated effects of accretion
onto the sBHB and the resulting feedback.
We justify our assumption by comparing the mi-
gration timescale to the binary hardening time scale.
Baruteau et al. (2011) modeled the hardening of bina-
ries in a gas disk. Their models showed that it takes
roughly 1000 (200) orbits of binary stars around the bi-
nary’s center of mass to reduce the semimajor axis of
the binary by a factor of two if the binary is rotating in
the prograde (retrograde) direction with respect to its
orbit around the central mass
We assume that after the binary’s semimajor axis has
been halved 20 times, the sBHB separation is small
enough that gravitational radiation will rapidly merge
the sBHB to form a single sBH of mass mi + mj. The
binary inspiral time due to GW emission alone (Peters
1964), neglecting any gas hardening effects, exceeds the
binary hardening timescale of 4000 to 200000 orbits as
long as the binary eccentricity e < 0.9995. Note that
this estimate may be a significant underestimate of the
actual time to merger, since gas hardening may become
less efficient as the binary shrinks. However, we have
also neglected the possibility of hardening encounters
due to tertiary objects in the disk, which will accelerate
the rate of binary hardening (Leigh et al. 2016, 2018).
Both of these complications will require further study in
future work.
Given our assumptions, Figure 13 shows the approxi-
mate radial dependence of the timescales of mergers for
sBHBs rotating in prograde and retrograde directions,
for sBHBs orbiting in the prograde direction through the
disk. In our simulations these timescales will be equiva-
lent for all mass sBHBs because sBHs are considered to
form a sBHB when they approach each other within a
mutual Hill radius, which is ∝ (mi + mj)1/3. For com-
parison, in Figure 13 we plot the time for 10 M, 20 M
and 50 M sBHs to migrate from their current radial lo-
cation to the SMBH due to migration torques. Recall
that the migration torques vary as a function of radius
and temperature, surface density and disk aspect ratio
at each radius. Since the migration timescales of these
objects are at least an order of magnitude larger than
the time it would take for an sBHB of the same mass
to merge, we can see that the likelihood of a tertiary
encounter from another sBH is low.
This low likelihood is important because while a ter-
tiary encounter could accelerate a binary merger (Leigh
et al. 2018), the third sBH would be ejected in the pro-
cess, and because the sBHB will already be merged in
our simulation, it is not possible for a third body to
gain energy from a three-body encounter. However,
our simulations do permit binary formation to occur via
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three-body interactions in a limited set of realistic cir-
cumstances. That is, three initially isolated sBHs could
end up in a sufficiently small volume that their mutual
gravitational attraction dominates locally, and a chaotic
three-body interaction ensues. If one star is ejected, the
other two remaining sBHs could form a binary.
The dissipative effects of the gas actually enhance the
probability of such three-body mediated binary forma-
tion occurring. The critical orbital separation of a sBHB
for which the kinetic energy of a third isolated sBH is
equal to the orbital energy of the sBHB is known as
the hard-soft boundary. Third body encounters with
hard binaries promote hardening, while with soft bina-
ries they can promote ionization. In an AGN disk the
hard-soft boundeary for a sBHB in a circular orbit is
(Leigh et al. 2018)
aHS,disk = (12)
1/3RH(µb/M3)
1/3, (29)
where RH is the Hill radius, µb is the reduced mass
M1M2/(M1 +M2) of the binary, and M3 is the mass of
the third sBH. Since we consider sBHBs to be merged
once they are within a Hill radius, as long as 12µb/M3 >
1, the kinetic energy from a prograde tertiary sBH
should not be enough to ionize a sBHB in our simu-
lations.
Looking at examples in our simulations of sBHBs that
have a close encounter with a third sBH on timescales
shorter than the merger timescales in Figure 13, we find
only one instance where a third sBH is massive enough
that aHS,disk < RH. However in this case the third sBH
never approaches closer than 10 RH from the sBHB,
making it too distant to ionize the sBHB. Therefore in
our models the ionization of our binaries by a prograde
third body interaction appears to be rare.
Our model is efficient at building up massive sBHBs on
timescales far shorter than the lifetime of the AGN disks
that host them. We argue that these sBHBs are likely
to merge, producing gravitational wave events such as
those observed by LIGO. However, future work using hy-
drodynamic simulations is needed to better describe the
interactions between the gas disk and the sBHs, in par-
ticular examining the binary hardening timescale due to
gas torques. More work is also needed to model the evo-
lution of the sBH population as additional compact ob-
jects either drift inward or have their orbital inclination
ground down into the inner region of the disk where they
may be able to break resonances and form additional sB-
HBs and more massive sBHs. We have also completely
ignored the role of retrograde orbiters in this paper, and
the population of objects on retrograde orbits that can
ionize binaries embedded in the disk. General relativis-
tic effects are also not included in our model. Ultimately
a full, three-dimensional, time-evolving AGN disk model
should be used to provide the most accurate predictions
for the merger rates of sBHs and the build-up of over-
massive sBHs. In the meantime, constraints from the
next few LIGO runs on mergers from this model chan-
nel should help put limits on models of AGN disks, such
as those used here.
We thank BridgeUP: STEM Brown Scholars Juliette
Cornelis, Denelis Ferreira, Ariba Khan, Anna Li, Au-
drey Soo, and Anay Vicente for their test runs and
preliminary figures. A.S. is supported by a fellow-
ship from the Helen Gurley Brown Revocable Trust.
M.-M.M.L. was partly funded by NASA Astrophysi-
cal Theory Grant NNX14AP27G. N.W.C.L. and M.-
M.M.L. were partly funded by NSF Grant AST11-0395.
N.W.C.L. also acknowledges support from a Kalbfleisch
Fellowship at the American Museum of Natural History.
B.M. and K.E.S.F. are partly supported by NSF PAARE
AST-1153335 and NSF PHY11-25915. J.M.B. acknowl-
edges support from PSC-CUNY award 60303-00 48.
REFERENCES
Abbott, B. P., Abbott, R., Abbott, T. D., et al. 2016,
ApJL, 833, L1
Alexander, D. R., & Ferguson, J. W. 1994, ApJ, 437, 879
Antonini, F. 2014, ApJ, 794, 106
Antonini, F., & Rasio, F. A. 2016, ApJ, 831, 187
Bahcall, J. N., & Wolf, R. A. 1976, ApJ, 209, 214
Baruteau, C., Cuadra, J., & Lin, D. N. C. 2011, ApJ, 726,
28
Baruteau, C., & Lin, D. N. C. 2010, ApJ, 709, 759
Bellovary, J. M., Mac Low, M.-M., McKernan, B., & Ford,
K. E. S. 2016, ApJL, 819, L17
Cresswell, P., & Nelson, R. P. 2006, A&A, 450, 833.
http://dx.doi.org/10.1051/0004-6361:20054551
Cresswell, P., & Nelson, R. P. 2008, A&A, 482, 677
Davies, M. B., Blackwell, R., Bailey, V. C., & Sigurdsson,
S. 1998, MNRAS, 301, 745
Davis, S. W., Stone, J. M., & Pessah, M. E. 2010, ApJ, 713,
52
Fryer, C. L., Belczynski, K., Wiktorowicz, G., et al. 2012,
ApJ, 749, 91
Goldreich, P., & Tremaine, S. 1979, ApJ, 233, 857
Haehnelt, M. G., & Rees, M. J. 1993, MNRAS, 263, 168
18 Secunda et al.
Hailey, C. J., Mori, K., Bauer, F. E., et al. 2018, Nature,
556, 70. http://dx.doi.org/10.1038/nature25029
Hopman, C., & Alexander, T. 2006, Astrophys.J., 645,
L133. https://arxiv.org/abs/astro-ph/0603324
Horn, B., Lyra, W., Mac Low, M.-M., & Sa´ndor, Z. 2012,
ApJ, 750, 34
Hubeny, I. 1990, ApJ, 351, 632
Iglesias, C. A., & Rogers, F. J. 1996, ApJ, 464, 943
Jiang, Y.-F., Stone, J., & Davis, S. W. 2017, ArXiv
e-prints, arXiv:1709.02845
King, A., & Nixon, C. 2015, MNRAS, 453, L46
Kley, W., & Crida, A. 2008, A&A, 487, L9
Kroupa, P. 2002, Science, 295, 82
Laughlin, G., & Bodenheimer, P. 1994, The Astrophysical
Journal, 436, 335. http://dx.doi.org/10.1086/174909
Leigh, N. W. C., Antonini, F., Stone, N. C., Shara, M. M.,
& Merritt, D. 2016, MNRAS, 463, 1605
Leigh, N. W. C., Geller, A. M., McKernan, B., et al. 2018,
MNRAS, 474, 5672
Lyra, W., Paardekooper, S.-J., & Mac Low, M.-M. 2010,
ApJL, 715, L68
McKernan, B., Ford, K. E. S., Kocsis, B., Lyra, W., &
Winter, L. M. 2014, MNRAS, 441, 900
McKernan, B., Ford, K. E. S., Lyra, W., & Perets, H. B.
2012, MNRAS, 425, 460
McKernan, B., Ford, K. E. S., Bellovary, J., et al. 2017,
ArXiv e-prints, arXiv:1702.07818
Ogihara, M., Ida, S., & Morbidelli, A. 2007, Icarus, 188, 522
O’Leary, R. M., Kocsis, B., & Loeb, A. 2009, MNRAS, 395,
2127
Paardekooper, S.-J., Baruteau, C., Crida, A., & Kley, W.
2010, MNRAS, 401, 1950
Paardekooper, S.-J., & Mellema, G. 2006, A&A, 459, L17
Peters, P. C. 1964, Physical Review, 136, 1224
Rodriguez, C. L., Chatterjee, S., & Rasio, F. A. 2016,
PhRvD, 93, 084029
Sa´ndor, Z., Lyra, W., & Dullemond, C. P. 2011, ApJL, 728,
L9
Schawinski, K., Koss, M., Berney, S., & Sartori, L. F. 2015,
MNRAS, 451, 2517
Shakura, N. I., & Sunyaev, R. A. 1973, in IAU Symposium,
Vol. 55, X- and Gamma-Ray Astronomy, ed. H. Bradt &
R. Giacconi, 155
Sirko, E., & Goodman, J. 2003, Mon.Not.Roy.Astron.Soc.,
341, 501. https://arxiv.org/abs/astro-ph/0209469
Tanaka, H., Takeuchi, T., & Ward, W. R. 2002, ApJ, 565,
1257
Tanaka, H., & Ward, W. R. 2004, ApJ, 602, 388
Thompson, T. A., Quataert, E., & Murray, N. 2005, ApJ,
630, 167
Ward, W. R. 1997, Icarus, 126, 261
